DEM analysis of energy dissipation in crushable soils  by Wang, Jianfeng & Yan, Haibin
The Japanese Geotechnical Society
Soils and Foundations
Soils and Foundations 2012;52(4):644–6570038-0
http://d
nCor
E-m
Peer806 & 201
x.doi.org
respondin
ail addre
review unwww.sciencedirect.com
journal homepage: www.elsevier.com/locate/sandfDEM analysis of energy dissipation in crushable soilsJianfeng Wangn, Haibin Yan
Department of Civil and Architectural Engineering, City University of Hong Kong, Hong Kong
Received 5 November 2011; received in revised form 5 April 2012; accepted 1 May 2012
Available online 9 August 2012Abstract
It is well known that particle crushing plays a critical role in the mechanical behavior of granular soils. Understanding energy
dissipation under the inﬂuence of particle breakage is of key importance to the development of micromechanics-based constitutive
models for sands. This paper reports the original results of the energy input/dissipation of an idealized crushable soil using 3D DEM
simulations. Particle breakage is modeled as the disintegration of the synthetic agglomerate particles which are made up of parallel-
bonded elementary spheres. A parametric study is performed to fully investigate the effects of initial specimen density and crushability
on the energy allocation of the crushable soil.
The simulation results show that the initial specimen density and the crushability strongly affect the energy allocation of the soil both
at small and large strains. The major roles of particle breakage, which itself only dissipates a negligible amount of input energy, are to
advance changes in the soil fabric and to promote the interparticle friction dissipation. Particularly, at small strains, particle breakage
disrupts the strain energy buildup, and thus, reduces the mobilized shear strength and dilatancy of a granular soil. At large strains,
where particle breakage is greatly reduced, steady energy dissipation by interparticle friction and mechanical damping is observed.
Furthermore, it is found that shear bands develop in most dense crushable specimens at large strains, but they are only weakly
correlated to the anisotropy of the accumulated friction dissipation.
& 2012 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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The role of particle breakage in the mechanical behavior
of granular soils has been widely studied in geotechnical
engineering. A wealth of research has shown that particle
breakage is intrinsically linked to many aspects of soil
behavior, such as plastic yielding and hardening under 1D
compression (McDowell et al., 1996; McDowell and
Bolton, 1998), reduced peak strength, dilatancy and strain2 The Japanese Geotechnical Society. Production and hostin
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der responsibility of The Japanese Geotechnical Society.localization under shearing (Bolton, 1986; Coop, 1990;
Cheng et al., 2004; Lade et al., 1996; Hardin, 1985; Miura
et al., 1984; Nakata et al., 1999; Tordesillas et al., 2011)
and more involved energy input/dissipation mechanisms
(McDowell and Bolton, 1998; Tarantino and Hyde, 2005;
Ueng and Chen, 2000; Bolton et al., 2008), etc. More
importantly, particle breakage is an essential element
deﬁning the critical state soil behavior (Coop, 1990;
Coop et al., 2004). However, the quantiﬁcation of the
effects of particle breakage on the stress–strain behavior
and its incorporation into the constitutive modeling
remains a difﬁculty. From the microscopic point of view,
the challenge stems mainly from two issues, namely the
roles of particle breakage and particle rearrangement in the
changes in soil fabric and their roles in the dissipation of
energy. The ﬁrst issue forms the micromechanical basis forg by Elsevier B.V. All rights reserved.
Fig. 1. DEM specimen of crushable agglomerates.
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condition, while the second issue serves as a key linkage
between micro- and macro-mechanical responses.
The fundamental importance of energy dissipation has been
recognized and explored by a number of authors (McDowell
and Bolton, 1998; Tarantino and Hyde, 2005; Ueng and Chen,
2000; Bolton et al., 2008; Einav 2007a, 2007b; Lee and Seed,
1967; Miura and O-hara, 1979). In particular, McDowell and
Bolton (1998) modiﬁed the Cam clay work equation by
including a new term for energy dissipation by particle
crushing, which is related to the changes in surface area of a
soil. The modiﬁed work equation was then applied to establish
a constitutive relation for sands subject to uniaxial compres-
sion, highlighting the quantitative linkage between particle
crushing and the normal compression rate. Based on the new
work equation proposed by McDowell and Bolton (1998),
Tarantino and Hyde (2005) went further to examine the
relationship between particle crushing and the ultimate shear
strength of a sand under simple direct shear conditions.
Alternatively, Ueng and Chen (2000) extended Rowe’s
stress-dilatancy relation by taking into account the effects of
particle crushing, which were also quantiﬁed based on the
increase in surface area of a sand. By using the discrete
element method (DEM), Bolton et al. (2008) showed that the
major effect of particle breakage is the signiﬁcant enhancement
of the friction dissipation, although the amount of energy loss
due to breakage is negligible.
Recently, Einav (2007a, 2007b) developed a new constitu-
tive theory for crushable soils using a thermodynamics
approach, which he termed ‘‘continuum breakage
mechanics’’. In his approach, the amount of energy dis-
sipated and to be dissipated by particle breakage is deter-
mined based on the changes in the soil gradation curve.
Continuum breakage mechanics provides a rational frame-
work for fundamentally tackling the breakage-related con-
stitutive behavior of granular materials via a continuum
mechanics approach. It also serves as the basis for some
further developments, e.g., the development of a nonlocal
constitutive model which accounts for the effects of nonlocal,
long-range particle interactions (Nguyen and Einav, 2010)
and the application of the model to the prediction of
permeability changes in a cataclasite zone undergoing severe
tectonic processes (Nguyen and Einav, 2009). However, the
above studies have not fully elucidated, from the energy point
of view, the role of particle breakage in the shear failure
behavior of granular soils, particularly in relation to strain
localization and shear banding behavior.
In a previous related study (Wang and Yan, 2011), the
authors showed that the general shear failure mode of a
granular soil is a combination of particle breakage-induced
contraction and particle rearrangement-induced shear
banding. Furthermore, it was demonstrated that a highly
crushable soil would eventually develop a shear band at a
large enough strain if particle breakage dominated the
plastic deformation at an earlier stage, and that this
phenomenon was mainly attributed to the gradual decay
of particle breakage. On the basis of that work, the currentpaper takes a further step to explore the shearing process
of a crushable soil using an energy approach, which offers
novel and deeper insights into the role of particle breakage
in the mechanical behavior of the soil.2. DEM simulation program
The DEM model of crushable soil is created using
PFC3D (Itasca, 2008). The specimen has initial dimensions
of 8 mm 6 mm 17.5 mm; it is composed of a polydis-
persed assemblage of 1040 nearly round agglomerates with
diameters from 0.7 mm to 2 mm, as shown in Fig. 1. Each
agglomerate is made up of a group of bonded elementary
balls with a uniform diameter of 0.2 mm. When generating
an agglomerate, a certain number of elementary balls,
which are initially assigned a smaller diameter, are ﬁlled
into a spherical container that is the same size as the
agglomerate. The elementary balls are then allowed to
expand gradually to the ﬁnal size of 0.2 mm and con-
solidate until equilibrium has been achieved. Then, parallel
bonds are installed at all the contacts existing between the
balls to form a porous agglomerate. The parameters of the
elementary balls and the parallel bonds used in this study
are listed in Table 1. These parameters are determined by
referring to those used by McDowell and Harireche
(2002a, 2002b) and Cheng et al. (2003, 2004), and by
calibrating the model response against the experimental
results of a single particle fracture (Nakata et al., 1999)
through a trial and error procedure. The advantage of the
parallel bond model over the contact bond model (PFC3D
(Itasca Inc., 2008)), which was widely used in previous DEM
studies on particle crushing, is that it simulates a ﬁnite piece of
cement between two balls providing a rotational resistance.
The absence of this rotational resistance will frequently lead
to the absence of a clear, visible physical fracture of an
agglomerate formed by the contact bond model, although a
distinct peak stress indicating the major splitting of the
Table 1
Physical parameters of elementary balls, parallel bond and membrane
particles used in DEM simulations.
Elementary balls and parallel bond
Diameters of agglomerate, mm 0.7–2.0
Diameter of elemental ball, mm 0.2
Density of ball, kg/m3 2650
Normal and shear stiffness of ball, N/m 2 106
Friction coefﬁcient of ball 0.5
Normal and shear parallel bond strength, N/m2 5 108
Normal and shear parallel bond stiffness, N/m3 5 1014
Ratio of parallel bond radius to ball radius 0.5
Membrane particles
Diameter, mm 0.2
Density, kg/m3 265
Normal and shear stiffness, N/m 2 105
Friction coefﬁcient 0.0
Normal and shear contact bond strength, N 1000
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be avoided by using the parallel bond model (Wang and Yan,
2011).
To realistically simulate the statistical variation in the
fracture strength of soil particles, a certain percentage of
the elementary balls are randomly removed from an
agglomerate, after the parallel bonds have been installed,
to simulate inherent particle ﬂaws. This convenient numer-
ical technique has been successfully used by a number of
authors (Cheng et al., 2004, 2003; Robertson, 2000;
McDowell and Harireche, 2002a, 2002b) to simulate the
realistic particle fracture behavior. It was also demon-
strated in our previous study (Wang and Yan, 2011) to
be an effective approach for reproducing particle fracture
behavior that agrees well with the laboratory data.
Furthermore, in that study, DEM simulations of crushable
sands, adopting the above agglomerate model, also pro-
duced shear behavior that was in qualitative agreement
with the direct shear test results. The readers are referred
to the paper by Wang and Yan (2011) for full details on
the simulation of single particle fracture behavior.
In the current study, two groups of crushable specimens,
namely dense specimens and loose specimens, are generated
and tested. The dense specimens have an initial uniform
void ratio of 0.6 and are created using the multi-layer
under-compaction method proposed by Jiang et al. (2003).
A low ball friction coefﬁcient of 0.01 is adopted in the
generation process to achieve this dense packing. The loose
specimens have a higher initial void ratio of 0.8, which is
the result of employing a higher ball friction coefﬁcient of
0.5. To investigate the effects of particle crushability on the
specimen behavior, we generate four kinds of specimens
with a decreasing degree of crushability by using 20%, 10%
and 0% of the elementary ball removal in the ﬁrst three
kinds, respectively, and zero crushability (i.e., uncrushable)
in the fourth kind. The uncrushable specimens are created
by raising the parallel bond strength parameters 100 times
and by using a much larger number (about 8000) of
particles with diameters varying from 0.35 mm to 1 mm.It should be noted that the specimens with 0% of the
elementary ball removal differ from the uncrushable speci-
mens in that the former are crushable even though the
agglomerates contain a minimal amount of ﬂaws.
After each specimen is generated, it is ﬁrst subjected to
isotropic compression until a complete equilibrium condition
has been achieved. The complete equilibrium during the
consolidation stage was thought to have been attained after
the ratio of the average unbalanced contact force to the
average particle contact force became less than 0.1%. The
conﬁning stresses used in this study include 200 kPa, 600 kPa
and 1200 kPa. The specimens are then subjected to plane
strain shearing tests in which the top and the bottom walls are
moved towards each other at a constant velocity of 7 10–4
m/s, while the conﬁning stress on the two lateral boundaries,
normal to the X-direction, is maintained and the other two
lateral boundaries, normal to the Y-direction, are ﬁxed. As in
our previous study (Wang and Yan, 2011), a ﬂexible
membrane, formed by a single layer of frictionless, uniform
0.2 mm spherical particles linked by strong and ﬂexible
contact bonds, is used for the two lateral boundaries normal
to the X-direction in all the specimens. The purpose of the
ﬂexible membrane boundary is to better maintain a uniform
distribution of conﬁning stress throughout the shearing
process.
In the following paragraphs, to make convenient refer-
ence to the specimens, we adopt a code with a format
‘‘D-a%-b’’ or ‘‘L-a%-b’’, in which D represents a ‘‘Dense’’
specimen, L represents a ‘‘Loose’’ specimen, a is the value
of the percentage of elementary ball removal and b is the
value of the applied conﬁning stress. For example,
‘‘D-20%-600’’ represents a dense specimen with a ball removal
of 20% and a conﬁning stress of 600 kPa. For uncrushable
specimens, we use the symbol ‘‘Un’’ (e.g., L-Un-200).
3. Results and discussion
3.1. Stress–strain and volume change behavior
Fig. 2(a) and (b) shows a typical stress ratio, q/p
(q¼ (s1s3)/2, p¼ (s1þ s2þs3)/3) and volumetric strain
vs. axial strain relationships, respectively, for the dense and
the loose specimens. These examples are selected to give a
representative set of specimen behavior generated under
different conditions of initial specimen density, crushability
and conﬁning stress. The complete evolutions of energy
input/dissipation of the same four simulations will be
presented later. A more detailed study on the stress–
strain–volume behavior of the dense crushable specimens
can be found in Wang and Yan (2011). It is seen in Fig. 2
that a dense specimen would show distinct dilatancy and
peak, as well as post-peak softening characteristics, if the
particle crushability and the conﬁning stress were relatively
low (e.g., D-10%-200), but strong compression and slow
hardening behavior in highly crushable specimens subject to
high conﬁning stresses (e.g., D-20%-1200). In the latter case,
the macroscopic behavior of a dense specimen is similar to
Fig. 2. Bulk simulation data from selected plane strain shear simulations:
(a) Stress ratio q/p vs. axial strain and (b) volumetric strain vs. axial strain.
Fig. 3. Void ratio e and speciﬁc surface area (ssa) vs. mean stress
relationships: (a) e vs. log p and (b) ssa vs. log p.
J. Wang, H. Yan / Soils and Foundations 52 (2012) 644–657 647that of a loose specimen, but the underlying micromechanics
is considerably different, as will be discussed below.
Fig. 3(a) and (b) shows variations in the void ratio and the
speciﬁc surface area (ssa), respectively, against mean stress p
(in logarithm scale) from the four simulations. The ssa is
calculated by dividing the total surface area of all agglomerates
by the total volume of the specimen. The surface area of each
agglomerate is estimated by treating the agglomerate as an
equivalent sphere whose volume is equal to the total volume of
all the elementary balls comprising the agglomerate. The ssa
is selected because it can effectively reﬂect the degree of
particle breakage in a specimen. Distinct bilinear patterns
are observed in Fig. 3(a) for all the cases, with the major
difference lying in the yielding direction, namely sharp
downward, vertical yieldings are seen in the D-10%-600,
D-20%-1200 and L-10%-600 cases, whereas an upward,
inclined yielding is found in the D-10%-200 case. However,
it is interesting to note that the turning point of the ssa
curve, indicating a signiﬁcant increase in the rate of particle
breakage, coincides with the yielding point of the e log p
curve for all the cases, regardless of whether the overall
volume change is compressive or dilatant. This result agreeswith the observation by McDowell and Harireche (2002a) of
the coincidence between the onset of massive particle break-
age and sand yielding during normal compression. However,
our results also suggest that particle breakage could play a
secondary role in a less crushable specimen where dilation
dominates the overall response, which is not seen in 1D
compression tests. It is worth mentioning that average
agglomerate diameter D50, as an alternative breakage index,
was also tested, but found to give a less satisfactory
representation of the particle breakage evolution.
3.2. Energy input/dissipation behavior
To investigate the evolution of energy input/dissipation
behavior throughout the shearing process, the various
energy terms in the incremental form for each simulation
J. Wang, H. Yan / Soils and Foundations 52 (2012) 644–657648were traced. These energy terms include boundary work
dW, body work dWg done by the gravity force, elastic
strain energy dEs stored at particle contacts upon particle
deformation, bond energy dEb stored in parallel bonds,
interparticle friction dissipation dEf, kinetic energy dEk
and damping dissipation dEd. At any stage of shearing, the
law of energy conservation gives
dWþdWg ¼ dEsþdEbþdEfþdEkþdEd ð1Þ
In the current study, body work dWg is equal to zero, as
the soil gravity was set to zero. Accumulated elastic strain
energy
P
dEb, stored in a parallel bond, will be lost when
the bond is broken. This part of the energy loss was treated
as breakage energy dissipation in the simulation. In reality,
this portion of artiﬁcial energy loss will be converted into
surface energy when particle breakage occurs. In the
physics of solids, the surface energy is deﬁned as the excess
energy at the surface of a material compared to the bulk.
In the event of particle breakage, the surface energy
quantiﬁes the disruption of intermolecular bonds that
occurs when new surfaces are created. McDowell and
Bolton (1998) dealt with the surface energy using an
empirical approach, in which the accumulated surface
energy due to successive particle breakage events was
assumed to be proportional to the increase in surface
area of a soil. Friction dissipation dEf was calculated by
summing the slip work done at all the particle contacts
where interparticle sliding occurs. For damping dissipation
dEd, a local, non-viscous damping model appropriate for
the quasi-static simulation was adopted, in which general-
ized damping force Fdi is expressed as
Fdi ¼a9Fi9signðviÞ ði¼ 1; 2    6Þ; ð2Þ
where
signðxÞ ¼
þ1; x40
1; xo0
0; x¼ 0
;
8><
>:
ð3Þ
Fi is the generalized force component and a is the
damping coefﬁcient taking the value of 0.1 in this study.
Index i runs from 1 to 6, implying that the generalized
damping force is applied to all six degrees of freedom
including three rotational motions. It is clear from Eq. (2)
that the damping force is proportional to total unbalanced
force Fi rather than the particle velocity. Due to the quasi-
static nature of the simulation, kinetic energy dEk will be
negligible in comparison to friction dissipation dEf, break-
age dissipation dEb and damping dissipation dEd, the last
three terms coalescing to form plastic dissipation dEp in a
granular soil. Based on the above, we can rewrite Eq. (1) in
the following approximate form:
dW ¼ dEsþdEp: ð4Þ
Although deviating from the way of energy decom-
position adopted by Nguyen and Einav (2009), in which
breakage dissipation is the sum of the surface energy
and the redistributed strain energy, the above energydecomposition is made to facilitate a convenient inves-
tigation into the particle-scale energy input/dissipation
phenomenon using DEM. In the following paragraphs,
detailed simulation data are presented to show the
relationships between the various energy terms (i.e.,
energy allocation of the crushable soil) during the
shearing process, and how they are affected by the
initial soil density and crushability.
Fig. 4 shows the evolutions of various incremental
energy components against the axial strain from the same
four simulations examined in Fig. 2. The incremental
strain was taken to be 1% in all the simulations. It is clear
that the proﬁle of the incremental boundary work has an
overall good agreement with the stress ratio curve for each
case, as expected. The most outstanding feature, however,
is that incremental plastic dissipation dEp (i.e., the sum of
dEb, dEf and dEd) is almost equal to incremental boundary
work dW when the axial strain is greater than about 5%
for all the crushable specimens, with the amount of
breakage dissipation dEb being much smaller than the
other two dissipation terms. Correspondingly, incremental
strain energy dEs, except within the ﬁrst few percentages of
axial strain, essentially ﬂuctuates around zero, indicating
the system has little capability for storing any further
strain energy at large strains.
The above observations suggest that the granular system
has developed a fabric condition at a moderate strain of
5–10% (depending on the initial density) that is able to
fully dissipate the external work through interparticle
friction and local damping. In this process, the major
effect of particle breakage, which itself only dissipates a
small amount of the external work, is to promote the
changes in soil fabric by creating additional degrees of
freedom for interparticle motion, largely prohibiting the
strain energy build-up and facilitating the interparticle
friction dissipation. A similar conclusion was also acquired
by Bolton et al. (2008). The full consumption of the
external work through plastic dissipation, however, does
not imply that the critical state is reached earlier in a
crushable soil. As a matter of fact, a continuous strain-
hardening response to 40% strain is observed in most
crushable specimens with a ball removal of 20%. Accom-
panying this change is the gradual decrease in breakage
dissipation, indicating the very slow decay of the particle
breakage.
In order to better study the changes in energy allocation
during the shearing process, we examined the incremental
energy ratios, deﬁned as the incremental energy storage/
dissipation terms normalized with respect to the incremental
boundary work, i.e., dEs/dW, dEb/dW, dEf/dW and dEd/dW,
as shown in Fig. 5. Interestingly, it is found that dEf/dW and
dEd/dW almost hold constant values at large strains for all
the crushable specimens, although varying amounts of
ﬂuctuations are observed. At the early stage of shearing,
however, more radical changes of energy allocation occur, as
affected by the specimen density and crushability. This is
clearly illustrated in Fig. 6 where the energy ratio changes in
Fig. 4. Incremental energy components vs. axial strain relationships: (a) D-10%-200, (b) D-10%-600, (c) D-20%-1200 and (d) L-10%-600.
Fig. 5. Incremental energy ratios vs. axial strain relationships: (a) D-Un-200, (b) D-10%-200, (c) D-20%-1200 and (d) L-10%-600.
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stress of 600 kPa, are selected for comparison.
The following observations were made in Fig. 6 for the
major effects of specimen density and crushability: (1) for
specimens with the same level of crushability, dense speci-
mens have much higher values of dEs/dW and dEb/dW and
lower values of dEd/dW and dEf/dW than loose specimensduring the initial stage of shearing; (2) the trend in (1)
becomes more pronounced with the increasing level of
crushability; (3) for specimens with the same level of
density, the rates of change in dEs/dW and dEb/dW
increase with the increasing specimen crushability; (4) the
trend in (3) is more pronounced for dense specimens; (5)
for both dense and loose specimens, the change in dEf/dW
Fig. 6. Incremental energy ratios vs. axial strain relationships from all the simulations with a conﬁning stress of 600 kPa at the small-strain stage, namely
(a)–(d) dense specimens, (e)–(h) loose specimens, (a) and (e) dEs/dW, (b) and (f) dEf/dW, (c) and (g) dEd/dW and (d) and (h) dEb/dW.
J. Wang, H. Yan / Soils and Foundations 52 (2012) 644–657650is much less affected by the specimen crushability; (6) for
dense specimens, the increase in specimen crushability also
results in an upward shift of the dEd/dW curve, and the
trend for loose specimens is not as well-deﬁned as that for
dense specimens. All the above features result from the
complex fabric and contact force network evolution
processes.
For dense specimens, the strain energy is continuously built
up due to the elastic compressions at the particle contacts fromthe very beginning before interparticle rolling and sliding arise
to dissipate a portion of the input energy. For an uncrushable
material, dEs/dW is a measure of the shear stiffness, which
keeps decreasing until the peak stress ratio is reached, where
dEs/dW is equal to zero. It is also interesting to note that the
maximum value of dEf/dW, which coincides with the max-
imum rate of release of strain energy, appears after the peak
stress state as a result of major interparticle slips (Fig. 5(a)).
When the material is crushable, the strain energy build-up is
J. Wang, H. Yan / Soils and Foundations 52 (2012) 644–657 651disrupted by one more energy dissipation mechanism, particle
breakage, which is independent of the friction dissipation. The
threshold strain energy for initiating particle breakage
decreases with increasing particle crushability, as evidenced
by the downward shift of the curve of dEs/dW with the
increase in the percentages of elementary ball removal
(Fig. 6(a)). The stress–strain and volume change behavior is
thereafter controlled by the competition between the strain
energy build-up and the breakage dissipation, both of which
serve to promote friction and damping dissipation. For loose
specimens, friction dissipation prevails over the strain energy
build-up from the very beginning due to the lower average
coordination number; this situation is further enhanced by
particle breakage.
The specimen crushability also shows an effect on the
behavior at large strains where the energy dissipation is
relatively steady. Fig. 7 shows the variations in mean
values and standard deviations of dEf/dW and dEd/dW
within the strain range of 10–40% against the specimen
crushability. It is seen that (dEf/dW)ave and (dEd/dW)ave
hold values between 0.75–0.95 and 0.05–0.25, respectively,
but they generally decrease and increase with the increas-
ing crushability, respectively, for both dense and looseFig. 7. Mean values and standard deviations of the incremental energy rati
dissipation ratio, (b) mean value of damping dissipation ratio, (c) standard dev
dissipation ratio.specimens. More importantly, the values for the standard
deviation of both terms decrease with the increasing
crushability for almost all the conﬁning stress cases
(Fig. 7(b)). This result clearly indicates that particle break-
age contributes considerably to the steady dissipation of
the external work at large strains by creating a more
adjustable fabric condition which contains more ﬁne
particles. In the absence of particle breakage, larger
ﬂuctuations feature the critical state energy storage/dis-
sipation and stress ratio behavior, which is caused by more
external work constantly consumed in the ‘‘strain energy
storage—plastic dissipation’’ cycle solely completed by the
particle rearrangement.
To demonstrate the effects of strain rate on energy
allocation, we show and compare in Fig. 8 the evolutions
of various energy terms and their ratios from another
simulation, in which the rate of loading is reduced to 1/10
of the original value (i.e., 7 10–5 m/s). It is seen in Fig. 8
that reducing the loading rate 10 times only results in a
slight downward shift of the dEd and dEd/dW curves,
neither of which ﬂuctuates around zero. There are also
only slight changes in the curves of other energy terms,
especially the dEs and dEs/dW curves. This is because theo terms between 10% and 40% axial strain: (a) mean value of friction
iation of friction dissipation ratio and (d) standard deviation of damping
Fig. 8. Effects of the strain rate on the energy allocation behavior of specimen D-10%-600: (a) incremental energy terms for the case with loading
rate¼7 10–4 m/s, (b) incremental energy terms for the case of loading rate¼7 10–5 m/s, (c) incremental energy ratios for the case of loading
rate¼7 10–4 m/s and (d) incremental energy ratios for the case of loading rate¼7 10–5 m/s.
J. Wang, H. Yan / Soils and Foundations 52 (2012) 644–657652damping model adopted in the current study is a local,
non-viscous damping model, meaning that the artiﬁcial
damping force is proportional to the total unbalanced
force (i.e., proportional to the particle acceleration) instead
of the particle velocity.
Considering the simple local damping model adopted in
this study, we also tested the inﬂuence of damping coefﬁcient
a on the energy allocation behavior of the dense crushable
specimens. The results for both small-strain and large-strain
stages are shown in Figs. 9 and 10, respectively. It is seen that
in the ﬁrst 5% strain (Fig. 9), an increase in the a value from
0.1 to 0.7 mainly leads to the upward and downward
movements of the dEd/dW and dEf/dW curves, respectively,
with only a slight inﬂuence demonstrated on the values of
dEs/dW and dEb/dW. Similar effects were also observed in the
large-strain behavior in Fig. 10(a) and (b), where an increase
in the a value caused an appreciable increase and decrease in
the (dEd/dW)ave and (dEf/dW)ave values, respectively. How-
ever, the sum of the two dissipation terms remains nearly 1.0
for each a value case. The standard deviations of both terms,
however, are only slightly affected by changes in the a value,
as evidenced in Fig. 10(c) and (d). All the above observations
indicate that changes in damping coefﬁcient a affect the
material fabric evolution process very little, which is completed
by particle rearrangement and particle breakage, and it only
alters the energy allocation within the total plastic dissipation
at small and large strains, i.e., the proportion between dEd/dWand dEf/dW with respect to dEp/dW. Without real experi-
mental data, it is difﬁcult to determine which a value will
produce over-damping, non-physical dissipation behavior.
However, it is our intention to avoid higher a values that
may exaggerate the role of damping dissipation in the shearing
process. For the current quasi-static simulations, it is more
justiﬁed to use a low a value, which is less likely to overshadow
the role of friction dissipation in the mechanical behavior of
crushable soils.
3.3. Friction dissipation and shear banding behavior
To gain more insight into the behavior of energy dissipa-
tion and plastic deformation, we examined the polar
distributions of the incremental and the accumulated fric-
tion dissipations, as well as the shear strain distribution
developing at different strain levels in dense and loose
specimens. Fig. 11 shows two typical examples of the
normalized polar distributions of the friction dissipation
at different stages of shearing. The polar distribution of the
friction dissipation was constructed by recording at every
time step the friction work done at all the particle contacts
where sliding displacements occur, and assigning the direc-
tion of each individual sliding displacement to the corre-
sponding friction dissipation at that particular contact. The
sum of the friction dissipation in each directional fraction is
then divided by the average friction dissipation over all the
Fig. 9. Effects of damping coefﬁcient a on the energy ratio behavior of specimen D-10%-600 at the small-strain stage: (a) dEs/dW, (b) dEf/dW, (c) dEd/dW
and (d) dEb/dW.
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shows a comparison between the polar distribution of the
accumulated friction dissipation and the shear strain distribu-
tion of dense specimens at large strains. The shear strain here
refers to the local material shear deformation, as opposed to
the bulk shear deformation measured from the specimen
boundary. The local shear strain distributions were calculated
on a 2D basis for the middle plane of the specimen
perpendicular to the Y-axis using the mesh-free strain calcula-
tion method previously developed by the ﬁrst author (Wang
et al. 2007a, 2007b; Wang and Gutierrez, 2010). The dimen-
sion of the calculation domain (i.e., the middle vertical plane)
is 8 mm 17.5 mm. The 2D strain quantities were calculated
based on the components of particle displacements and
rotations projected onto the middle vertical plane (i.e., X–Z
plane). Given the plane-strain nature of the shear test (i.e., the
strain along the Y-axis is zero), this representation should
effectively reﬂect the major deformation characteristics of the
specimens. It should be noted, however, that the 3D nature of
the simulation is kept so that the effects of the observed
particle crushing would be closer to and more representative of
the realistic soil behavior.
It is interesting to see in Fig. 11(a)–(d) that the distribu-
tion of incremental friction dissipation shows a strong
anisotropy at most instances in a less crushable specimen
like D-0%-200. One, two or several distinct principal
directions can be identiﬁed in each anisotropy plot, repre-
senting one major orientation of shear strain localization,
or several local shear bands developing at the moment. Thelocal shear band refers to the small-scale, non-global shear
strain localization phenomenon that involves a portion of
the granular specimen undergoing non-uniform shear
deformation. However, it is evident that the principal
directions of the incremental friction dissipation anisotropy
vary signiﬁcantly with the applied strain, suggesting that
many of the local shear bands are transient and lacking of
continuous development. As a result, the distribution of
accumulated friction dissipation generally shows a lower
degree of anisotropy, and such a trend becomes more
pronounced as the strain level increases. This is clearly
illustrated in Fig. 11(i)–(l). A major shear band, however,
can usually be identiﬁed at large strains in most dense
specimens, forming as a result of the continuous develop-
ment or coalescence of multiple minor shear bands emer-
ging at the earlier stages of the shearing process. Fig. 12(a)
and (b) shows two such examples, where clear shear bands
are observed in specimens D-0%-200 and D-0%-1200
at 35% strain. Due to the continual reduction of the
anisotropy of accumulated friction dissipation, however,
there is little or very weak correlation, if any, between the
preferred direction (or scope of the direction) of the
distribution of accumulated friction dissipation and the
orientation of the major shear band at large strains. Similar
observations are also made in other dense specimens. The
eventual formation of a major shear band in a dense
specimen has been shown to surely occur due to the gradual
decay of particle breakage in our previous study (Wang and
Yan, 2011).
Fig. 10. Effects of damping coefﬁcient a on the energy ratio behavior of all the dense specimens at the large-strain stage: (a) mean value of friction
dissipation ratio, (b) mean value of damping dissipation ratio, (c) standard deviation of friction dissipation ratio and (d) standard deviation of damping
dissipation ratio.
Fig. 11. Normalized polar distributions of incremental and accumulative friction dissipation at different strain levels, namely ﬁrst row (a–d) incremental
friction dissipation for specimen D-0%-200, second row (e–h) incremental friction dissipation for specimen L-20%-1200 and third row (i–l) accumulative
friction dissipation for specimen D-0%-200.
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Fig. 12. Relationship between the distribution of accumulative friction dissipation and the major shear band in dense crushable specimens, namely
(a) and (b), polar-distribution of accumulative friction dissipation at 35% axial strain; (c) and (d), shear strain distribution at 35% axial strain; and
(e) and (f), deformed specimen conﬁguration at 35% axial strain.
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accumulated friction dissipation at large strains is mainly
caused by the signiﬁcant amount of particle rotations
occurring inside the shear band. This is evidenced by the
observation of one or two strongly preferred orientations of
the distribution in the simulations where the particle rotation
is artiﬁcially prohibited, as shown in Fig. 13. It can be seen
that the preferred orientations are generally well aligned with
the development of two major shear bands.
In contrast to the dense specimens, the distribution of
incremental friction dissipation in the loose specimens
exhibits an overall lower degree of anisotropy at various
strain levels (Fig. 11(e)–(h)). Accordingly, the developmentof strain localization is highly irregular and dispersive in
any instantaneous stage. Fig. 14 shows a typical example
of the shear strain distribution and the corresponding
distribution of accumulated friction dissipation of a loose
specimen at the large strain. It is seen that no distinct
pattern of shear band has developed in specimen L-20%-
1200, and consequently, no linkage can be identiﬁed with
the anisotropy of accumulated friction dissipation.
4. Conclusion
Based on a detailed analysis of 3D DEM simula-
tion data, a comprehensive understanding of the energy
Fig. 13. Relationship between the distribution of accumulated friction dissipation and the major shear band for a dense uncrushable specimen where
particle rotation is prohibited: (a) polar distribution of accumulative friction dissipation at 35% axial strain, (b) shear strain distribution at 35% axial
strain and (c) deformed specimen conﬁguration at 35% axial strain.
Fig. 14. Relationship between the distribution of accumulative friction dissipation and shear strain localization for loose specimen L-20%-1200: (a) polar
distribution of accumulative friction dissipation at 35% axial strain, (b) shear strain distribution at 35% axial strain and (c) deformed specimen
conﬁguration at 35% axial strain.
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plane strain shearing conditions has been achieved. The
study has shown that the major roles of particle breakage,
as an independent microscopic deformation mechanism,
are to advance the soil fabric evolution and to enhance the
interparticle friction dissipation. The effects of the initial
specimen density and the specimen crushability are man-
ifested in the energy allocation of the soil, especially during
the early stage of shearing. Energy allocation refers to the
way in which a granular soil consumes/transforms the
external energy input due to different physical mechan-
isms; it was quantiﬁed in this study by the ratios of various
incremental energy storage/dissipation terms to the incre-
mental boundary work. It has been found that the intrinsic
trend of a granular soil is to develop a fabric condition
which can fully dissipate a minimum amount of external
work via interparticle friction and mechanical damping,
whose ratios to the external work remain nearly constant
at large strains. Such a condition characterizes the critical
state of the soil and cannot be reached, in a strict sense,
before the complete cease of particle breakage (Wang and
Yan, 2011). The fabric evolution process prior to such a
condition is completed by both particle rearrangement and
particle breakage, which, from the viewpoint of energy,
leads to the competition between the strain energy buildup
and breakage energy dissipation.Further insights have been gained by examining the
relationship between the polar distribution of the friction
dissipation and the strain localization behavior. It has
been found that in a dense specimen, the distribution of
incremental friction dissipation exhibits a high degree of
anisotropy in most instances during the shear process,
suggesting the development of multiple minor shear bands at
various instantaneous stages. However, the distribution of
accumulated friction dissipation at large strains usually lacks a
strongly preferred orientation, although a major shear band
can often be identiﬁed. This is shown to be caused by the
signiﬁcant particle rotations occurring inside the shear band.
In a loose specimen, a much lower degree of anisotropy is
found in the incremental friction dissipation, which is con-
sistent with the development of an irregular and dispersive
strain localization pattern throughout the shearing process.
Although based on a simpliﬁed DEM model, which may
not fully represent the real soil behavior, the observations
made of the relationship between the energy dissipation and
the shear banding behavior in this paper have provided a
strong basis for the development of advanced stress-dilatancy
and constitutive models for crushable soils in future studies.
Some pioneering work has recently emerged in the literature
attempting to develop rational and rigorous constitutive
models for granular materials accounting for particle break-
age-associated micromechanics (e.g., Einav, 2007a, 2007b;
J. Wang, H. Yan / Soils and Foundations 52 (2012) 644–657 657Nguyen and Einav, 2010). However, further efforts are still
needed to more fundamentally address some critical micro-
mechanical issues, such as shear-induced strain localization
and stress anisotropy, which are essentially handled in an
empirical way at the present time.Acknowledgments
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